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1. Introduction
It is well-known that, if X is a compact metric space and f : X → X is a weakly contractive mapping (see Section 2 for
the definition), then f has a fixed point in X (see [1], pp. 17).
In 1969, Furi and Vignoli [2] extended this result to α-condensing mappings in bounded complete metric spaces (see [3]
for the definition). A generalized version of the Furi–Vignoli theorem, using the notion of weakly F-contractive mappings in
topological spaces, was proved in [4].
On the other hand, in [5], using the KKM mappings, the authors introduced a new concept of lower (upper) semi-
continuous functions (see Definition 2.1 in Section 2) which is more general than the classical one. In [6], the authors used
this definition of lower semi-continuity to redefine weakly F-contractive mappings (see Definition 2.2 in Section 2) in order
to formulate and prove several results on fixed points.
Recently, Bhaskar and Lakshmikantham [7] noted that their coupled fixed point theorems can be used to investigate a
large class of problems and have discussed the existence and uniqueness of solutions for a periodic boundary value problem.
More recently, Cho et al. [8] studied the solvability of coupled quasi-solutions for the nonlinear operator equations by using
the semi-order method.
In this work, we have modified the notions of a weakly F-contractive mapping f : X × X → X , where X is a
topological space (see Definition 2.3 in Section 2). By using the modified definitions of weakly F-contractive mappings,
we reformulate and prove a version of the above-mentioned fixed point theorem (Theorem 1 of [6]) for coupled fixed points
(see Theorem 3.1). We also prove some coupled fixed point theorems under the assumptions that a certain iteration of a
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mapping in question is weakly F-contractive. As a corollary of the main result, we get an extension of coupled fixed points
theorems based on Theorem 3 of [6] for Banach spaces with a quasi-modulus endowed with a suitable transitive binary
relation.
Finally, we give an example to validate the main result in this work.
2. Preliminaries
The following definition is a special case of the corresponding definition given in [5] with X replaced by X × X .
Definition 2.1. Let X be a topological space. A function f : X × X → R is said to be lower semi-continuous from above (lsca)
at a point (x0, y0) ∈ X × X if, for any net {(xλ, yλ)}λ∈Λ in X × X converging to (x0, y0) such that f (xλ1 , yλ1) ≤ f (xλ2 , yλ2) for
any λ1, λ2 ∈ Λwith λ2 ≤ λ1,
f (x0, y0) ≤ lim
λ∈Λ f (xλ, yλ).
A function f : X × X → R is said to be lsca if it is lsca at all (x, y) ∈ X × X .
Example 2.1. (1) Let X = R+ × R+ ∪ R− × R− ∪ {(0, 0)}, where R+ and R− denote the set of positive and negative real
numbers, respectively. Define a function f : X −→ R by
f (x, y) =

x+ y+ 1, if (x, y) ∈ R+ × R+;
1
2
, if (x, y) = (0, 0);
−x− y+ 1, if (x, y) ∈ R− × R−.
Let {zn} = {(xn, yn)} be a sequence in X , where {xn} and {yn} are two sequences of non-negative numbers with xn → 0
and yn → 0 as n →∞, respectively. Suppose {zn} converges to (0, 0) with f (zn+1) ≤ f (zn); if λ2 = n ≤ n + 1 = λ1 then
f (0, 0) = 12 < 1 = limn→∞ f (zn).
Similarly, suppose that {z ′n} = {(x′n, y′n)} is a sequence in X , where {x′n} and {y′n} are two sequences of negative numbers
with x′n → 0 and y′n → 0 as n → ∞, respectively. Suppose that {z ′n} converges to (0, 0) with f (z ′n+1) ≤ f (z ′n). If λ2 =
n ≤ n+ 1 = λ1 then f (0, 0) = 12 < 1 = limn→∞ f (z ′n). Thus f is lsca at (0, 0).
(2) Every lower semi-continuous function is lsca, but the converse is not true. One can check that the function f : X → R
with X = R+ × R+ ∪ R− × R− ∪ {(0, 0)} defined by
f (x, y) =

x+ y+ 1, if (x, y) ∈ R+ × R+ ∪ {(0, 0)};
x+ y, if (x, y) ∈ R− × R−
is lsca at (0, 0), but it is not lower semi-continuous at (0, 0).
The following lemmas state some properties of lsca mappings. The first one is an analogue of the Weierstrass
boundedness theorem and the second one is a special case of Lemma 2 in [6].
Lemma 2.1 ([5]). Let X be a compact topological space and f : X → R be an lsca function. Then there exists x0 ∈ X such that
f (x0) = inf{f (x) : x ∈ X}.
Lemma 2.2. Let X be a topological space and f : X × X → X be a continuous function. If g : X → R is a lsca function, then the
composition function h = g ◦ f : X × X → R is also lsca.
Proof. Consider a net {(xλ, yλ)}λ∈Λ in X × X converging to a point (x0, y0) ∈ X × X such that h(xλ1 , yλ1) ≤ h(xλ2 , yλ2) if
λ2 ≤ λ1. Set zλ = f (xλ, yλ) and z = f (x0, y0). Since f is continuous, we have limλ∈Λ f (xλ, yλ) = f (x0, y0) ∈ X; and, further,
g being lsca implies that
g(z) = g(f (x0, y0)) ≤ lim
λ∈Λ g(f (xλ, yλ)) = limλ∈Λ g(zλ)
with g(zλ1) ≤ g(zλ2) if λ2 ≤ λ1. Therefore, h(x0, y0) ≤ limλ∈Λ h(xλ, yλ) and h is lsca. This completes the proof. 
Remark 2.1. Let X be topological space. Let f : X × X → X be a continuous function and F : X × X → R be lsca. Then
g : X × X → R defined by g(x, y) = F(x, f (x, y)) (or g(x, y) = F(x, f (y, x))) is also lsca. For, let {(xλ, yλ)}λ∈Λ be a net
in X × X converging to a point (x, y) ∈ X × X . Since f is continuous, we have limλ∈Λ f (xλ, yλ) = f (x, y). Suppose that
g(xλ1 , yλ1) ≤ g(xλ2 , yλ2) if λ2 ≤ λ1. Since F is lsca, we have
g(x, y) = F(x, f (x, y)) ≤ lim
λ∈Λ F(xλ, f (xλ, yλ)) = limλ∈Λ g(xλ, yλ).
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Definition 2.2 ([6]). Let X be a topological space and F : X × X → R be lsca. The mapping f : X → X is said to be:
(1) weakly F-contractive if F(f (x), f (y)) < F(x, y) for all x, y,∈ X with x ≠ y;
(2) strongly F-expansive if F(f (x), f (y)) > F(x, y) for all x, y ∈ X with x ≠ y.
The following definition is an extension of Definition 2.2 in a topological space X to the product space X × X .
Definition 2.3. Let X be a topological space and F : X × X → R be lsca. The mapping f : X × X → X is said to be:
(1) weakly F-contractive in the first coordinate if F(f (x, y), f (u, v)) < F(x, u) for all x, y, u, v ∈ X with (x, y) ≠ (u, v);
(2) strongly F-expansive in the first coordinate if F(f (x, y), f (u, v)) > F(x, u) for all x, y, u, v ∈ X with (x, y) ≠ (u, v);
(3) weakly F-contractive in the second coordinate if F(f (x, y), f (u, v)) < F(y, v) for all x, y, u, v ∈ X with (x, y) ≠ (u, v);
(4) strongly F-expansive in the second coordinate if F(f (x, y), f (u, v)) > F(y, v) for all x, y, u, v ∈ X with (x, y) ≠ (u, v);
(5) weakly contractive if F(f (x, y), f (u, v)) < min{F(x, u), F(y, v)} for all x, y, u, v ∈ X with (x, y) ≠ (u, v);
(6) strongly expansive if F(f (x, y), f (u, v)) > max{F(x, u), F(y, v)} for all x, y, u, v ∈ X with (x, y) ≠ (u, v).
Note that, in this work, we use (5) in Definition 2.3 as the definition of weakly F-contractive mappings. (1), (2) in
Definition 2.3 and (3), (4) inDefinition 2.3 are not equivalent, respectively. Indeed, letX be a normed space. Then the function
F : X × X → R defined by F(x, y) = ‖x− y‖ for all x, y ∈ X is continuous and hence lsca. Define a function f : X × X → X
by f (x, y) = x2 for all x, y ∈ X . Then, for any (x, y), (u, v) ∈ X × X with (x, y) ≠ (u, v), we have
F(f (x, y), f (u, v)) = ‖f (x, y)− f (u, v)‖ =
 x
2
− u
2
 < ‖x− u‖ = F(x, u).
Therefore, the function f satisfies (1) in Definition 2.3. However, if the function f satisfied (3) in Definition 2.3, we would
obtain
F(f (x, y), f (u, v)) = ‖f (x, y)− f (u, v)‖ = 1
2
‖x− u‖ < ‖y− v‖
for all (x, y), (u, v) ∈ X × X with (x, y) ≠ (u, v). Hence, taking (x, 0) and (0, v) in X × X such that ‖x‖ = 1 and ‖v‖ = 14 ,
we have 12 <
1
4 , which is not true.
Definition 2.4 ([7,9,10]). Let X be a topological space. An element (x, y) ∈ X×X is called a coupled fixed point of themapping
f : X × X → X if f (x, y) = x and f (y, x) = y.
3. Coupled fixed point theorems
The following theorem is basic to all the results of this work.
Theorem 3.1. Let X be a topological space, and f : X×X → X be a continuous and weakly F-contractive mapping. If there exist
x0, y0 ∈ X such that
U = f (∆U×V ) ∪ {x0} and V = f (∆V×U) ∪ {y0} H⇒ U, V are relatively compact
for all countable sets U, V ⊆ X, where∆U×V ⊆ U × V and∆V×U ⊆ V × U, then f has a coupled fixed point in X × X.
Proof. Let x1 = x0, y1 = y0 and define the sequences {xn} and {yn} in X as follows: xn+1 = f (xn, yn), yn+1 = f (yn, xn) for
each n ≥ 1. Define the sets A = {xn : n ≥ 1} and B = {yn : n ≥ 1}. Then we have
A = {xn+1 : n ≥ 1} ∪ {x0} = {f (xn, yn) : n ≥ 1} ∪ {x0} = f (∆A×B) ∪ {x0},
where∆A×B = {(xn, yn) : n ≥ 1}.
Similarly, B = f (∆B×A)∪{y0}, where∆B×A = {(yn, xn) : n ≥ 1}. Therefore, by hypothesis, A and B are relatively compact.
Let W = (A × B) ∪ (B × A) and W∆ = (∆A×B) ∪ (∆B×A). Then W and W∆ are compact subsets of X × X with W∆ ⊆ W .
Define a function ϕ : W∆ → R by
ϕ(x, y) = F(x, f (x, y))
for all (x, y) ∈ W∆. Since f is continuous and F is lsca, by Remark 2.1, ϕ is lsca and so, by Lemma 2.1, ϕ has a minimum, say,
at (a, b) ∈ W∆. We have either (a, b) ∈ ∆A×B or (a, b) ∈ ∆B×A.
Now, we show that f (a, b) = a and f (b, a) = b.
Case (i). Suppose that (a, b) ∈ ∆A×B. Then (b, a) ∈ ∆B×A. Hence there exist two sequences {(an, bn)} ⊆ ∆A×B and
{(bn, an)} ⊆ ∆B×A such that limn→∞(an, bn) = (a, b) and limn→∞(bn, an) = (b, a). Since f is continuous, we have
lim
n→∞ f (an, bn) = f (a, b), limn→∞ f (bn, an) = f (b, a).
But (f (an, bn), f (bn, an)) = (an+1, bn+1) ∈ ∆A×B, which implies that (f (a, b), f (b, a)) ∈ ∆A×B.
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Now, we assert that (f (a, b), f (b, a)) = (a, b). Suppose that (f (a, b), f (b, a)) ≠ (a, b). Since f is weakly F-contractive,
we have
ϕ(f (a, b), f (b, a)) = F(f (a, b), f (f (a, b), f (b, a)))
< min{F(a, f (a, b)), F(b, f (b, a))}
= min{ϕ(a, b), ϕ(b, a)}
= ϕ(a, b),
which is a contradiction to the minimality of (a, b). Hence f (a, b) = a and f (b, a) = b.
Case (ii). Suppose that (a, b) ∈ ∆B×A. Then (b, a) ∈ ∆A×B. Following the proof of Case (i), we can also conclude that
f (a, b) = a and f (b, a) = b.
Therefore, from both the cases, it follows that (a, b) ∈ X × X is a coupled fixed point of f . This completes the proof. 
Corollary 3.2. Let (X, d) be a metric space, f : X × X → X be a continuous and weakly contractive mapping. If there exist
x0, y0 ∈ X such that
U = f (∆U×V ) ∪ {x0} and V = f (∆V×U) ∪ {y0} H⇒ U, V are relatively compact
for all countable sets U, V ⊆ X, where∆U×V ⊆ U × V and∆V×U ⊆ V × U, then f has a coupled fixed point in X × X.
Proof. The conclusion follows immediately from Theorem 3.1 with F = d. 
Corollary 3.3. Let X be a compact topological space, and f : X × X → X be a continuous and weakly F-contractive mapping. If
there exist x0, y0 ∈ X such that
U = f (∆U×V ) ∪ {x0} and V = f (∆V×U) ∪ {y0} H⇒ U, V are closed
for all countable sets U, V ⊆ X, where∆U×V ⊆ U × V and∆V×U ⊆ V × U, then f has a coupled fixed point in X × X.
Theorem 3.4. Let X be a topological space, h : X → X and g : X × X → X be continuous mappings such that, for some k ∈ N,
the kth iteration hk and g are weakly F-contractive. Set f k := hk ◦ g and suppose that there exist x0, y0 ∈ X such that
U = f k(∆U×V ) ∪ {x0} and V = f k(∆V×U) ∪ {y0} H⇒ U, V are relatively compact
for all countable sets U, V ⊆ X, where∆U×V ⊆ U × V and∆V×U ⊆ V × U. Then f has a coupled fixed point in X × X.
Proof. Since f k := hk ◦ g and hk, g are continuous and weakly F-contractive, it follows that f k is continuous and weakly
F-contractive. Indeed, if (x, y), (u, v) ∈ X × X with (x, y) ≠ (u, v), then
F(f k(x, y), f k(u, v)) = F(hk(g(x, y)), hk(g(u, v)))
< F(g(x, y), g(u, v))
< min{F(x, u), F(y, v)}.
Now, as in the proof of Theorem 3.1, replacing f by f k, we get countable sets A, B ⊆ X such that A = f k(∆A×B) ∪ {x0}
and B = f k(∆B×A) ∪ {y0}. Hence our hypothesis is satisfied and so A, B are relatively compact with ∆A×B ⊆ A × B and
∆B×A ⊆ B × A. Thus, as in the proof of Theorem 3.1 with f k instead of f , we can conclude that f k has a coupled fixed point
in X × X and hence, for k = 1, f has a coupled fixed point in X × X . This completes the proof. 
Remark 3.1. In Theorem 3.4, if we let h = idX (the identity mapping on X) and k = 1, then f = g and so Theorem 3.4
reduces to Theorem 3.1. Thus Theorem 3.4 is a generalization of Theorem 3.1. As a consequence of Theorem 3.4, we have
the following theorem on the existence of a coupled fixed point of a mapping given in a Banach space X .
Let X be a Banach space with the transitive binary relation 4. For any x, y ∈ X , we define
min
4
{x, y} =

x if x 4 y;
y if y 4 x.
Theorem 3.5. Let X be Banach spacewith the transitive binary relation4 such that, for all x, y ∈ X, x 4 y is defined by‖x‖ ≤ ‖y‖.
Suppose, further, that A, h,m : X → X and g : X × X → X are four mappings satisfying the following condition:
(a) 0 4 m(x) and ‖m(x)‖ = ‖x‖ for all x ∈ X;
(b) the mapping A is bounded, linear and, for some k ∈ N, ‖Akx‖ ≤ ‖x‖ for all x ∈ X such that x ≠ 0 with 0 4 x;
(c) if 0 4 x 4 y, then Ax 4 Ay;
(d) m(h(z)− h(w)) 4 Am(z − w) for all z, w ∈ X and
m(g(x, y)− g(u, v)) 4 Amin
4
{m(x− u),m(y− v)}
for all x, y, u, v ∈ X.
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If f k = hk ◦ g : X × X → X is a composition of the kth iteration hk and g and, further, there exist x0, y0 ∈ X such that
U = f k(∆U×V ) ∪ {x0} and V = f k(∆V×U) ∪ {y0} H⇒ U, V are relatively compact
for all countable sets U, V ⊆ X , where∆U×V ⊆ U × V and∆V×U ⊆ V × U , then f has a coupled fixed point in X × X .
Proof. For x, y, u, v ∈ X , we have
0 4 m(f 2(x, y)− f 2(u, v))
= m[h2(g(x, y))− h2(g(u, v))]
4 A[m(h(g(x, y))− h(g(u, v)))]
4 A2[m(g(x, y)− g(u, v))]
4 A3 min
4
{m(x− u),m(y− v)}.
By induction on k ∈ N, we get
0 4 m(f k(x, y)− f k(u, v)) 4 Ak+1 min
4
{m(x− u),m(y− v)}.
Hence it follows that
‖f k(x, y)− f k(u, v)‖ = ‖m(f k(x, y)− f k(u, v))‖
≤ ‖Ak+1 min
4
{m(x− u),m(y− v)}‖
< ‖min
4
{m(x− u),m(y− v)}‖
= min{‖x− u‖, ‖y− v‖}
and so f k is weakly contractive. Since the mapping f is continuous (A is bounded) and weakly contractive, by Theorem 3.4,
f has a coupled fixed point in X × X . This completes the proof. 
The following example illustrates Theorem 3.1.
Example 3.1. Let (c0, ‖ · ‖∞) be a Banach space of all null real sequences. Define a set
X = {x = {xn} ∈ c0 : xn ∈ [0, 1], ∀n ≥ 1}.
Let k ∈ N and {pn}, {qn} be the sequences in X such that pn, qn ∈ (0, 1) for each n > k and pn, qn → 1 as n → ∞.
Define a mapping f : X × X → X by f (x, y) = {fn(xn, yn)} for all x = {xn}, y = {yn} ∈ X , where each function
fn : [0, 1] × [0, 1] → [0, 1] is such that, for each 1 ≤ n ≤ k,
|fn(xn, yn)− fn(un, vn)| < min{|xn − un|, |yn − vn|},
|fn(yn, xn)− fn(vn, un)| < min{|xn − un|, |yn − vn|}
and, for each n > k,
fn(xn, yn) = pnxn, fn(yn, xn) = qnyn.
Now, we verify the hypotheses of Theorem 3.1.
Observe that f is clearly continuous by its definition. For any x, y, u, v ∈ X , we have
‖f (x, y)− f (u, v)‖ = sup
n≥1
|fn(xn, yn)− fn(un, vn)|.
Since the sequences {(fn(xn, yn))} and {fn(un, vn)} are null sequences, there exist N ∈ N such
sup
n≥1
|fn(xn, yn)− fn(un, vn)| = |fN(xN , yN)− fN(uN , vN)|.
Hence we have
‖f (x, y)− f (u, v)‖ = |fN(xN , yN)− fN(uN , vN)|
< min{|xN − uN |, |yN − vN |}
= min{sup
n≥1
|xn − un|, sup
n≥1
|yn − vn|}
= min{‖xn − un‖, ‖yn − vn‖}.
This implies that f is continuous and weakly contractive.
Next, suppose that, for any countable sets U, V ⊆ X,
U = f (∆U×V ) ∪ {0c0}, V = f (∆V×U) ∪ {0c0}.
Then, by the definition of f , we can consider U, V ⊆ [0, 1]. Hence their closures, being closed subsets of a compact set, are
compact. Thus, by Theorem 3.1, f has a coupled fixed point in X × X .
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